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Fluctuating Copper pairs in a superconductor strongly impact its electrical and thermal transport
phenomena above the critical temperature. We demonstrate that the nontrivial band geometry of
pairing electrons makes fingerprints at the spectrum of fluctuations. Different superconducting
channels become intertwined by the coupling that has inter-winding phase shift and mimics spin-
orbit interactions. The spectrum of fluctuating Cooper pairs is described by the effective Ginzburg-
Landau Hamiltonian, can be topologically nontrivial and characterized by nonzero Chern number.
We interpret such fluctuating pairs as topological ones. It is shown that the nontrivial geometry
manifests in the anomalous Hall paraconductivity mediated by fluctuating Cooper pair.
Introduction. — In recent years, there has been
growing interest in manifestations of geometrical Berry
phase for electrons in solids. Its usual origin is spin-
or pseudospin-orbit locking, where pseudospin for elec-
trons is usually connected with sublattice or orbital de-
grees of freedom. The resulting nontrivial band geom-
etry can have a profound effect at material properties
and is responsible for a spectrum of phenomena, such as
polarization, orbital magnetism, and various (quantum,
anomalous, or spin) Hall effects (See reviews Ref. [1–3]
and references therein). The Berry curvature that is the
local measure of a band geometry is a cornerstone notion
for the topological classification of solids [4–6]. Its spe-
cial distribution in momentum space distinguishes topo-
logical insulators, semimetals and superconductors from
their topologically trivial counterparts.
So far, the nontrivial topology of a superconductor
has been considered only as a feature of (Bogoliubov)
quasi-particles and has been identified from their spec-
trum [6, 7]. The latter is shaped by the interplay of
band geometry for pairing electrons and momentum dis-
tribution of static and equilibrium superconducting or-
der parameter. In the present Letter we argue that there
is another topological aspect of superconductivity that
has been previously overlooked. We consider fingerprints
of nontrivial band geometry of pairing electrons at the
spectrum of fluctuating Cooper pairs (FCP) that impact
electrical and thermal transport phenomena above the
critical temperature T0 [8, 9] and argue that their spec-
trum also can be topological.
The family of intrinsic superconductors with non-
trivial band geometry is vast and diverse. It in-
cludes thin films/monolayers (MoGe, Nb, Pb, Bi
and NdxSr1−xTiO3 [10–14]) and oxide interfaces
(LaAlO3/SrTiO3 [15]), doped topological insulators
(CuxBe2Se3 [16] and Sn1−xInxTe [17]), and noncen-
trosymmetric superconductors (CePt3Si [18, 19] and
Li2(Pd1−xPtx)3B [20, 21]). Even high temperature and
iron-based superconductors, where the presence of hid-
den spin-momentum locking has been revealed only very
recently [22, 23], belong to the family. Another new mem-
bers are doped transition metal dichalcogenides monolay-
ers (TMDC) (MoS2 and WSe2 [24–27]) that are novel two
dimensional materials descended from graphene. Their
band structure is relatively simple and can be described
by the massive Dirac model. The latter provides an ana-
lytical tractability of the description for FCP that moti-
vates us to employ it. Possible extensions of our results
to other systems with nontrivial band geometry are dis-
cussed at the end of the paper.
Low energy states in TMDC materials are concen-
trated around two inequivalent valleys, that are time
reversal partners. We have demonstrated that the
pseudospin-momentum locking results in the coupling
of different superconducting channels. While the dy-
namics of FCP has dissipative nature their energetics
and inter-channel coupling can be described by the ef-
fective Ginzburg-Landau (GL) Hamiltonian. Its inter-
channel terms have inter-winding phase shifts that mimic
the spin-orbit interactions. Its spectrum for inter-valley
FCP is geometrically trivial, while the one for intra-valley
FCP is topologically nontrivial with the Chern number
|CGL| = 1. We will interpret such FCP pairs as topo-
logical, while their nontrivial geometry manifests in their
anomalous contribution the Hall conductivity.
The model. — Low energy states in TMDC materials
are concentrated around two inequivalent valleys K (ζ =
1) and K ′ (ζ = −1) situated at the corners of the first
Brillouin zone [28]. They has strong spin-valley splitting
2∆s and can be described by the massive Dirac model
hζs = v(ζpxσx + pyσy) + ∆σz + sζ∆s. (1)
Here s = {↑, ↓} labels electronic spin and hζs acts in the
sub-lattice space l = {1, 2}. v is velocity of electrons, and
∆ is energy asymmetry between sub-lattice sites that is
assumed to be positive. The later produces the gap 2∆
in the energy spectrum ±p with p =
√
v2p2 + ∆2. The
corresponding eigenstates for electrons in the conduction
band are given by |pζ〉 = {cp, ζspeiζφp}. Here φp is the
polar angle; cp = cos(ϑp/2) and sp = sin(ϑp/2) with
cos(ϑp) = ∆/p. At realistic doping levels (F  ∆ with
F to be the Fermi energy) electrons mostly reside at the
major site (l = 1) that implies sp  cp. The phase
ar
X
iv
:1
90
6.
07
23
6v
1 
 [c
on
d-
ma
t.s
up
r-c
on
]  
17
 Ju
n 2
01
9
2K K’ K(a) (b) K’
(c) (d)
(e)
FIG. 1. The band structure of TMDC monolayers that fa-
vors inter- (a) and intra-valley (b) spin-singlet Cooper pairing.
The latter case implies magnetic substrate that compensates
the spin-valley splitting ∆s in one of valleys. The coupling
between superconducting channels for the inter- (c) and intra-
valley (d) pairing. In the former case the geometry for ψ11
is trivial because impacts of two excited FCP modes ψ12 and
ψ21 that are time-reversal partners compensate each other. In
the latter case the coupling and hybridization of ψ11 with ψ+
that have different psuedo-spin momenta and are presented
in (e) makes the spectrum of FCP to be topologically non-
trivial. The blue arrow presents momentum dependence of n
that wraps the unit sphere once implying the Chern number
|CGL| = 1.
winding factor in the minor site (l = 2) indicates the
nontrivial band geometry that can be characterized by
the valley dependent Berry curvature Ωζ = ζ∆v
2/3p.
The electronic structure of the model is illustrated in
Fig. 1-a and favors inter-valley spin-singlet pairing [24–
26] (Ising state since directions of spins are pinned per-
pendicular to the TMDC monolayer). We also consider
intra-valley Cooper pairing that can be achieved at fer-
romagnetic substrates if the exchange coupling compen-
sates the spin-valley one ∆s in one of two valleys. This
regime has almost been achieved recently [29] and the
corresponding band structure is depicted in Fig. 1-b.
Each of inter- and intra-valley Cooper pairing can be
described by the following Lagrangian density
L =
∑
s
ψˆ+s (∂τ + hˆζs − F)ψˆs − V ψˆ+↑l↑ ψˆ+↓l↓ ψˆ↓l↓ ψˆ↑l↑ . (2)
Here ψˆs is spinor electronic field in the sub-lattice space
and Vˆ is attractive charge-charge interaction that makes
electrons unstable towards the Cooper pairing.
Superconducting order parameter. — Due the pres-
ence of psedospin the superconducting order parameter
is the matrix ψl↑l↓(r) = V 〈ψ↑l↑(r)ψ↓l↓(r)〉. Not all its
components are equally important. At a realistic dop-
ing level electrons mostly reside at sublattice l = 1 that
allows to safely neglect ψ22 and rearrange ψˆ as follows
ψα = {ψ11, ψ12, ψ21}. Due to the phase winding for
the electron wave function at the minor sublattice l = 2
Cooper pairs ψ12 and ψ21 have not only orbital, but the
pseudo-spin momentum. To demonstrate this the order
parameter can be decomposed as follows
ψαq =
∑
p
Sαq(p)× ψq(p). (3)
Here p± = p ± q/2 and q is the center of mass mo-
mentum of Cooper pairs. ψp(q) = 〈ψ↑+p+ψ↓+p−〉
is the pairing amplitude between conduc-
tion band electron states, and the form-factor
Sˆα = 〈l↑|p+, ζ↑〉〈l↓| − p−, ζ↓〉 is given by Sˆ =
{cp+c−p− , τ↓cp+s−p− expiτ↓φ−p− , τ↑sp+c−p− expiτ↑φp+ }.
The phase winding factors in S12 and S21 allow to
introduce pseudo-spin momenta Sz12 = τ↓ and S
z
21 = τ↑
that are valley dependent and helpful to classify su-
perconducting channels and momentum dependence of
coupling between them.
Flucutuating Cooper pairs. — Above the critical tem-
perature T0 there is no equilibrium Cooper pair conden-
sate 〈ψαq〉 = 0, but there are FCP that can be described
by the Gaussian theory [30] for the auxiliary dynami-
cal field ψl↑l↓(r, τ) = V ψ↑l↑(r, τ)ψ↓l↓(r, τ). Integrating
out electrons and taking into account that the supercon-
ducting correlations do appear only in the vicinity of the
Fermi level the quadratic action for FCP is given by
A =
∑
q
ψ∗α′q
[
1
V
−Mα′α(q) Πq
]
ψααq
Here index q = {ipn,q} involves momentum q, and
bosonic Matsubara frequency pn = 2pin/T . The form-
factor Mα′α = 〈Sα′(q,p) S∗α(q,p)〉pFφp is product of Sˆ in-
troduced above in Eq. (3) that needs averaging over the
polar angle for momentum p while its amplitude is taken
at the Fermi level |p| = pF. We have separated Πq which
also appears as the single-step pair propagator [8, 9] for
electrons without sub lattice degrees of freedom
Πq = NF
[
ln
(
2γCc
piT
)
− τ0|pn|+ iτ ′0pn − ξ20q2
]
. (4)
Here c is energy ultraviolet cutoff and γC = e
C ≈ 1.78
with C ≈ 0.577 to be the Euler constant; τ = pi/8T
and ξ2 = piD/8T with D to be the diffusion constant for
electrons due to the presence of disorder that has been
disregarded so far. The term τ ′0 = ln[2γCc/piT ]/4F orig-
inates from the electron-hole asymmetry at the Fermi
level. In spite of its smallness τ ′  τ , it is crucial, be-
cause it is required for nonzero contribution of FCP to
Hall, thermoelectric and heat transport coefficients [9].
The form-factor Mˆ contains all information about the
nontrivial band geometry of pairing electrons. To classify
the superconducting channels, it is instructive to consider
FCP with q = 0 at first.
FCP with zero momentum. The form-factor for inter-
and intra-valley FCP with q = 0 is given by
MˆKK′=
c4 0 00 c2s2 0
0 0 c2s2
 ; MˆKK=
c4 0 00 c2s2 −c2s2
0 −c2s2 c2s2
 .
3Here c and s are equal to cp and sp evaluated at the
Fermi level |p| = pF. Electrons are unstable towards
Cooper pairing if det[V −1 − MˆΠq=0] = 0, that implies
the energy to create FCP is zero and they start to pro-
liferate. In both cases FCP formed by electrons resid-
ing at major sublattice ψ11 are decoupled from other
channels and have the largest critical temperature T0 =
2eCc exp[−1/λ11]/pi. The connection of corresponding
coupling constant λ11 with the bare one λ = NFV pre-
sented in Tab. II along with other information about
channels. The decoupling happens because FCP ψ12 and
ψ21 have finite pseudo-spin momentum Sz = ±1, while
the dominant channel has Sz = 0.
TABLE I. Parameters in the Cooper propagator Lˆq for inter-
(top) and infra-valley (bottom) FCP
α λ τ (′)  ξ2
11 c4λ c4τ (′) log [T/T0] c4ξ2
12 c2s2λ c2s2τ (′) (1− t2)/λ c2s2ξ2
21 c2s2λ c2s2τ (′) (1− t2)/λ c2s2ξ2
11 c4λ c4τ (′) log [T/T0] c4ξ2
− 2c2s2λ 2c2s2τ (′) (1− 2t2)/λ 2c2s2ξ2
+ 0 0 1/λ 0
In the case of inter-valley pairing ψ12 and ψ21 are also
decoupled because of they have opposite pseudo-spin. On
the other hand intra-valley FCP ψ12 and ψ21 have the
same pseudo-spin Sz = 1 (or Sz = −1 if both electrons
are from K ′ valley) and are strongly coupled. They re-
organize into ψ± = (ψ12 ± ψ21)/
√
2. At first glance the
channel ψ+ looks redundant because does not have the
Cooper instability λ+ = 0. Nevertheless, as it is shown
below ψ+ is inter-winded with the dominating channel
ψ11 at finite momentum q.
FCP with finite momentum. — After the rotation
to the diagonal basis (ψ¯αq = {ψ11, ψ12, ψ21} or ψ¯αq =
{ψ11, ψ−, ψ+}) and the expansion in leading-order in fre-
quency pn and momentum q the action for FCP can be
presented in the following general form
A =
∑
q
ψ¯∗α′qNF
[
δαα(|pn|τα − ipnτ ′α) + HˆGL(q)
]
ψ¯αq.
The expression in square brackets defines the inverse
Cooper propagator L−1q for fluctuating pairs, and HGL
is an effective Ginzburg-Landau (GL) Hamiltonian that
describes their energetics and the inter-channel coupling.
Importantly the dynamics of FCP in real time is not
Hamiltonian but dissipative and is governed by time-
dependent Ginzburg-Landau (TDGL) equation
τˆ · ∂ψ¯
∂t
= iτˆ ′ · ∂ψ¯
∂t
− HˆGL(qˆ)ψ¯ + ηˆ. (5)
Here ηˆ is the Langevin stochastic force that has the corre-
lation function 〈ηα′(ω,q)η∗α(ω′,q′)〉 = 2Tταδα′αδωω′δqq′ .
We will analyze HGL from the geometrical point of view,
and demonstrate that spectra for inter- and intra-valley
FCP are drastically different. While the dissipative na-
ture of FCP pair dynamics does not allow to implement
results known in Hamiltonian systems directly, it will
provide us intuition to the anomalous Hall paraconduc-
tivity mediated by FCP with nontrivial geometry.
Inter-valley FCP. — The parameters of the propaga-
tor L−1q in this case are presented in Tab. II, while the
corresponding GL Hamiltonian HGLKK′ is given by
HˆKK
′
GL =
11 + ξ211q2 ξBq− −ξBq+ξBq+ 12 + ξ212q2 0
−ξBq− 0 21 + ξ221q2
 . (6)
Here non-diagonal elements do mimic the spin-orbit cou-
pling and are ξBq± = ξB(qx ± iqy) with spatial scale
ξB = t/4λpF where t ≡ s/c. The electronic structure
for HKK
′
GL is illustrated in Fig. 1-c. The low-energy mode
ψ11 with Sz = 0 is coupled to two high-energy ones ψ12
and ψ21 that are time reversal partners and have oppo-
site pseudo-spins Sz = ±1. All other parameters for them
(presented in Tab. I) are the same, but their coupling to
ψ11 have opposite inter-winding phase shifts that try to
impose the Berry curvature ΩGL(q) for ψ11 of opposite
signs. Their exact compensation ΩGL(q) = 0 is protected
by time reversal symmetry (It re-appears if the gap pa-
rameter ∆ and/or velocity v for electrons are valley de-
pendent). Physically, the compensation happens because
components of a FCP have opposite Ωζ and their total
Berry curvature is zero. We interpret such FCP as ge-
ometrically trivial, and they do not provide any novel
transport phenomena.
Intra-valley FCP. — The parameters of the propaga-
tor L−1q in this case are presented in Tab. I, while the
corresponding GL Hamiltonian HKKGL is given by
HˆKKGL =
11 + ξ211q2 0 −
√
2ξBq+
0 − + ξ2−q
2 0
−√2ξBq− 0 +
 . (7)
The electronic structure for the Hamiltonian is illustrated
in Fig. 1-d. In this case high-energy modes have the same
pseudo-spin Sz = 1. The mode ψ− is decoupled from all
other modes. Really, it is the superposition ψ− = (ψ12−
ψ21)/
√
2, while couplings of ψ11 with to ψ12 and ψ21 do
compensate each other [31]. The coupling of the high-
energy dispersionless mode ψ+ with nonzero pseudospin
Sz = 1 to the low-energy one ψ11 with Sz = 0 generates
the nontrivial Berry curvature for the latter that is given
by
ΩGL(q) = − 2ξ
2
B(+ − 11 + ξ11q2)
[(+ − 11 − ξ11q2)2 + 4ξ2Bq2]
3
2
. (8)
Moreover its integral over momentum space is equal to∑
q ΩGL(q) = 2piCGL with the Chern number CGL = −1
4(CGL = 1 if two electrons from K
′ valley) that implies
that the low-energy branch of hybridized modes for FCP
is topological. Really, their hybridization represents the
band inversion (the modes ψ11 and ψ+ do have different
pseudo-spins Sz = 0 and Sz = 1) that is illustrated in
Fig. 1-e and is a typical mechanism of formation for a
topologically nontrivial band structure in insulators [32].
Alternatively the Chern number can be presented
as the winding number for unit vector n = h/|h| as
follows
∑
q[∂qxn × ∂qyn] · n = piCGL. Here h =
{√2ξBqx,
√
2ξBq,(+ − 11 − ξ211q2)/2} is defined for the
Hamiltonian (7) (with truncated decoupled channel ψ−)
as HGL = −(σ ·h). At q = 0 the unit vector n points up,
and at q→∞ it points down. At intermediate momenta
q∗ ≈ √+/ξ11 where energies of modes ψ11 and ψ+ do
intersect n lays in-plane and has the vortex-like texture.
Thus, vector n wraps the unit sphere as it is illustrated
Fig. 1-e that implies |CGL| = 1.
The nonzero Chern number CGL reflects the nontrivial
topology of the whole energy band, and its main contri-
bution originates from the vicinity of momentum q∗ that
corresponds to modes with high energies around +. On
the other hand, only modes with low energies compa-
rable with 11  + are thermally populated because of
the bosonic nature for FCPs. That is why their transport
properties are imprinted not by CGL, but by the Berry
curvature at small momenta q  q∗ that can be approx-
imated as ΩGL(0) ≈ 2ξ2B/2+. This situation is typical
for bosons with topological band structure (for example,
phonons, magnons or exciton-polaritons [33–36]). The
presence of nontrivial Berry curvature usually results in
anomalous Hall effects that is also the case for FCPs.
Transport mediated by FCP. — The interactions of
FCPs with electric field that drives their motion can
be introduced to their quadratic action with help of the
Peierls substitution q→ q− 2eA/c. Here we have taken
into account that the charge of Cooper pair is 2e. As a
result, within the linear response theory the conductivity
tensor is σij(ω) = χ
R
ij(ω)/iω with χ
R
ij(ω) to be retarded
the current-current correlation function that can be eval-
uated from the corresponding Matsubara one given by
χMij (iΩn) = T
∑
q
Tr
[
Jˆ iqLˆq(ipn + iΩn)Jˆ
j
qLˆq(ipn)
]
(9)
Here Jˆq = 2e∂qHGL(q) is electric current for FCPs. The
resulting longitudinal conductivity is given by
σL ≈ e
2
h¯
T τ11
2pi11
≈ c4 e
2
16h¯
1
ln[T/T0]
(10)
and represents the Aslamazov-Larkin result [37] modified
by the factor of c4 that reflects that FCPs occupy only
the major sublattice (l = 1). For the derived above model
with redundant dynamics of high-energy mode (τ+ = 0),
the Hall conductivity is zero. Nevertheless it reapers if
the next term τ+ = ξ
2
11q
2τ∗+ with τ
∗
+ = τ11t
2/4k2Fξ
2
11 in
the action for FCPs is taken into account and is equal to
σH ≈ Ω¯GLTτ11 e
2
2h¯
τ ′11
√
+τ∗+
τ11
√
τ11
F
[
11√
∗+
]
(11)
where ∗+ = +τ11/τ
∗
+ and F [z] ≈ 1 + 4z ln[z]/pi − 9z2/8
at z <∼ 1. Here we introduced the dimensionless Berry
curvature Ω¯GL = 2ξ
2
B/
2
+ξ
2
11 = 2(t/4kFξ11)
2. Due to the
momentum dependence of τ+ the Hall conductivity σH
is free of a singularity at T0, but if τ+ is momentum
independent σH logarithmically diverges and is given by
σH ≈ Ω¯GLTτ11 e
2
pih¯
τ ′11τ+
τ211
G
[
11
?+
]
(12)
with ?+ = +τ11/τ+ and G(x) = ln[1 + x
−1]− 1/(1 + x).
The Hall conductivity is nonzero only in the presence of
electron-hole asymmetry parametrized by τ ′11 that makes
it much smaller than σL and as well as single particle
anomalous Hall conductivity for massive Dirac electrons
σ0H = e
2∆/4pih¯(∆+F) due to the factor τ
′
11/τ11 ∼ T0/F.
It is further reduced since Ω¯GL ∼ t2 and τ (∗)+ /τ11 ∼ t2
with t  1 to be the small parameter in the considered
model. Its presence is helpful to establish the hierarchy
of channels and reduce their numbers (ψ22 can be safely
dropped). On the other hand, in systems where (pseudo)
spin-orbit coupling dominates kinetic energy of pairing
electrons and therefore t ∼ 1, the contribution of FCP to
Hall conductivity is expected to be much larger.
Discussions. — The usual manifestation of the non-
trivial topology in insulators and superconductors is the
presence of protected modes at sample boundaries with
energies inside the bulk gap. The spectrum of FCP that
is illustrated in Fig. 1-e has indirect gap between ψ11
and ψ+ that does not provide topological protection of
edge FCPs. Nevertheless, the latter are quite possible
because the bulk modes are separated by large momen-
tum q∗ that makes the hybridization with edge modes to
be inefficient. Further research is needed to elaborate a
possibility to engineer edge FCPs and their stability.
The considered Aslamazov-Larkin effect is the direct
contribution of FCPs to the conductivity tensor, while
there are other ones. The Andreev reflection of electrons
at FCPs corresponds to the Maki-Thomson contribution,
while the dip pseudogap in the density of states (DOS)
induced by FCPs corresponds to the so-called DOS con-
tribution. The analysis of a competition between these
effects is outside the scope of the present Letter.
Manifestations of FCP formed by spatially separated
electrons and holes [38–40] as well as their conden-
sation have been recently reported in double bilayer
graphene [41, 42]. The electronic spectrum and band ge-
ometry of bilayer graphene are tunable that makes this
system to be a promising to search for topological FCPs.
We have demonstrated that the presence of (pseudo)
spin-momentum locking results in a coupling of different
5superconducting channels. Nevertheless, its is not suffi-
cient to impose a nontrivial geometry for FCP. The latter
do appears if the total Berry curvature for components of
a FCP is nonzero that is not the case if they they are time
reversal parters. These arguments suggest to search for
topological FCP in superconductors with multi-pocket
Fermi surface and (psedo) spin-orbit coupling that makes
iron-based superconductors to be possible candidates.
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